Abstract. Let T be a Hochschild extension algebra of a finite dimensional algebra A over a field K by the standard duality A-bimodule Hom K (A, K). In this paper, we determine the ordinary quiver of T if A is a self-injective Nakayama algebra by means of the N-graded second Hochschild homology group HH 2 (A) in the sense of Sköldberg.
Introduction
Throughout the paper, an algebra means a finite dimensional algebra over a field K. By a Hochschild extension of an algebra A by a duality module M , we mean an exact sequence 0 −→ M κ −→ T ρ −→ A −→ 0 such that T is a K-algebra, ρ is an algebra epimorphism and κ is a T -bimodule monomorphism. In the above, M is an A-bimodule, so M is regarded as a Tbimodule by means of ρ. Hochschild [7] proved that the set of equivalent classes of Hochschild extensions over A by M is in one-to-one correspondence with the second Hochschild cohomology group H 2 (A, M ). If M is the standard duality module D(A) = Hom K (A, K), then we denote by T α (A) the Hochschild extension algebra corresponding to a 2-cocycle α : A × A → D(A). Then, T 0 (A) is just the trivial extension algebra A ⋉ D(A). Hochschild extension algebras and trivial extension algebras play an important role in the representation theory of self-injective algebras (e.g. [14, 15] ). It is well known that trivial extension algebras are symmetric, Hochschild extension algebras are self-injective and are not symmetric in general (see [10] ). If T α (A) is not symmetric, then T α (A) and A ⋉ D(A) are not Morita equivalent. Nevertheless, Yamagata showed that if the ordinary quiver of A has no oriented cycles, then T α (A) and A ⋉ D(A) are related by a socle equivalence which naturally induces a stable equivalence (see [9, 14] ). We are interested in the ordinary quiver and the relations for Hochschild extension algebras. Although, in [6] , Fernandez and Platzeck gave the ordinary quiver and the relations for the trivial extension algebras, it seems that there is little information about the ordinary quivers for general Hochschild extension algebras.
In this paper, we consider Hochschild extension algebras of self-injective Nakayama algebras by the standard duality module. A basic Nakayama algebra is of the form K∆/I, where ∆ is a cyclic quiver and I is an admissible ideal of K∆. In addition, the Nakayama algebra is self-injective if and only if I is generated by the paths of length at least l for some l ≥ 2. The aim of the present paper is to determine the ordinary quivers of Hochschild extension algebras for self-injective Nakayama algebras.
This paper is organized as follows: In Section 2, we recall some definitions and elementary facts about Hochschild extension algebras and Hochschild cohomology groups. In Section 3, following Sköldberg [11] , we describe the projective resolution P for the truncated quiver algebra A. Sköldberg computed the Hochschild homology group of A using the facts that the complex A⊗ A e P is N-graded and, therefore HH n (A) is also N-graded for each n ≥ 0, that is, HH n (A) = ∞ q=0 HH n, q (A). On the other hand, in [4] , Cibils gave a useful projective resolution Q for more general algebras. Furthermore, in [1] , Ames, Cagliero and Tirao gave a chain map from Q to P . Using this chain map, we give the isomorphism between q D(HH 2, q (A)) and H 2 (A, D(A)). These grading and the comparison morphism are very useful. Itagaki and Sanada [8] and Volčič [13] used the ideas for the computation of cyclic homology.
In Section 4, we consider the ordinary quiver of Hochschild extension algebras of self-injective Nakayama algebras. First of all, we have 2-
Next, we give a sufficient condition on a 2-cocycle α for the ordinary quiver of T α (A) to coincide with that of the trivial extension algebra A ⋉ D(A). Then, we show that, for a self-injective Nakayama algebra A and a 2-cocycle α : A × A → D(A), the ordinary quiver of T α (A) coincides with either the ordinary quiver of A or that of the trivial extension algebra A⋉D(A). Moreover, we give a sufficient condition for Hochschild extension algebras of self-injective Nakayama algebras to be symmetric. In Section 5, we exhibit some examples to clarify the theorem.
For general facts on quivers, we refer to [2] and [12] , and for Hochschild extension algebras, we refer to [7] and [15] .
Hochschild extension algebras
In 1945, the cohomology theory and extension theory of associative algebras were introduced by Hochschild [7] (and also see [15] ). Let us recall his construction here. Let A be an algebra over a field K, and D the standard duality functor
such that T is a K-algebra, ρ is an algebra epimorphism and κ is a T -bimodule monomorphism from ρ (D(A)) ρ . Then T is called a Hochschild extension algebra of A by D(A), and an extension is also called a Hochschild extension. If we identify D(A) with Ker ρ, then D(A) is a two-sided ideal of T with (D(A)) 2 = 0 and the factor algebra T /D(A) is isomorphic to A by ρ. Since D(A) is nilpotent in T , a set of orthogonal idempotents {e 1 , . . . , e l } with 1 A = l i=1 e i can be lifted to a set of orthogonal idempotents {e 1 , . . . , e l } of T so that 1 T = l i=1 e i and e i = ρ(e i ) for any 1 ≤ i ≤ l.
A Hochschild extension algebra corresponds to a 2-cocycle A × A → D(A). Let us recall the definition of 2-cocycle here. For a K-algebra A, its Hochschild cohomology groups H n (A, D(A)) are defined as Ext 
where
fold tensor products over K), δ 0 : A ⊗ K A → A is the multiplication map and, for n ≥ 0, δ n is defined by
This resolution is called a bar resolution of A. The complex C * (A) = Hom A e (Bar * (A), D(A)) is used to compute H n (A, D(A)). Note that, for each n ≥ 1, there is a natural isomorphism:
We identify C 0 (A) with D(A). Thus, through µ * , C * (A) has the following form:
by the composition of the map A × A → A ⊗ A; (a, b) → a ⊗ b and α. We denote that by α again. Note that α satisfies the relation
for all a 1 , a 2 , a 3 ∈ A. Using a 2-cocycle α, we define an associative multiplication in the K-vector space A ⊕ D(A) by the rule:
is an associative K-algebra with identity (1 A , −α(1, 1)), and that there exists an extension over A by D(A):
Conversely, given an extension over A by D(A);
we easily see that T is isomorphic to T α (A) for some 2-cocycle α ∈ Z 2 (A, D(A)). By definition, two extensions (F ) and (F ′ ) over A with kernel D(A) are equivalent if there exists a K-algebra homomorphism ι : T → T ′ such that the diagram
is said to be splittable if there is an algebra homomorphism ρ ′ : A → T with ρρ ′ = id A . The following result is well known.
is in a one-to-one correspondence with
, the extension given by the multiplication (2.2). The zero element in H 2 (A, D(A)) is correspond to the class of splittable extensions.
Note that, T 0 (A) is called a trivial extension algebra of A by D(A). Next, we consider the Hochschild homology HH * (A) := H * (A, A), which coincides with the homology of the complex C * (A) := A ⊗ A e Bar * (A). Notice that
The standard duality induces the isomorphism
. In fact, we have the following isomorphism and equations of complexes:
The projective resolution by Sköldberg and one by Cibils
Let ∆ be a finite quiver and K a field. We fix a positive integer n ≥ 2. A truncated quiver algebra is defined by K∆/R n ∆ , where R ∆ is the arrow ideal of K∆ and R n ∆ is the two-sided ideal of K∆ generated by the paths of length n. We denote by ∆ 0 , ∆ 1 and ∆ i the set of vertices, the set of arrows and the set of paths of length i, respectively. We put ∆ + = ∞ i=1 ∆ i . Let K∆ i be the K-vector space whose basis is the elements of ∆ i and K∆ 0 the subalgebra of K∆/R n ∆ generated by ∆ 0 . Moreover, K∆ is N-graded, that is, K∆ = ∞ i=0 K∆ i . For a path x, we denote by s(x) and t(x) primitive idempotents with x = s(x)xt(x) in K∆.
In [11] , the Hochschild homology of a truncated quiver algebra was computed. We recall the projective resolutions of a truncated quiver algebra P and Q constructed by Sköldberg and Cibils, respectively. Moreover, we describe a chain map from Q to P . We only show the third and under terms of each resolutions. Then we have the following projective resolution of A as a left A e -module:
Here the differentials d 2 and d 3 are defined by
We denote by P i the i th term of P , then A ⊗ A e P i is the i th term of A ⊗ A e P . We have
Through the above isomorphisms (3.1), we define the degree q (≥ 1) part of A⊗ A e P 1 in the following way:
In a similar way, we define the degree q part of A ⊗ A e P 2 and A ⊗ A e P 3 by
The set of cycles of length q is denoted by ∆ c q (⊂ ∆ q ). A cycle γ is a basic cycle provided that we can not write γ = β i , for i ≥ 2. The set of basic cycles of length q is denoted by ∆ b q . Then we have the following isomorphisms:
otherwise.
Let C q be the cyclic group of order q, with generator c. Then we define an action of
q , we define the orbit of γ to be the subset γ = {c
We denote the set of orbits by ∆ c q /C q . Since the differential (d * ) q preserves γ, the complex (A ⊗ A e P * ) q splits into subcomplexes by
We express this fact by saying that ((
). Sköldberg computed the homology groups HH p,q (A) by exploiting the above fact
We only show the second term of HH p (A). 
Here we set a q := card(∆ 
Here the differentials ∂ 2 and ∂ 3 are defined by
In [1] , Ames, Cagliero and Tirao gave a chain map between the projective resolutions Q and P . We describe the second term of the chain map π : Q → P in Proposition 3.4. · · · a m1+m2 , where a 1 , a 2 , . . . , a m1+m2 ∈ ∆ 1 . Then there exists a map π 2 : Q 2 → P 2 defined by the following equation:
Proposition
To provide an isomorphism D(
. In order to define Θ, we define some homomorphisms. We define the canonical isomorphism ϕ :
K∆ n in a similar way as (3.1), ν 2 :
and µ 2 by (2.1). We denote by Θ the composition of following maps
where adj :
) and x ∈ A ⊗4 , (adj(g))(x) is given by sending a ∈ A to g(a ⊗ A e x). For
Hence, for an dual basis element u
is the map as follows:
is induced by Θ. In Section 4, we get 2-cocycles from D(HH 2, q (A)) through the following isomorphism:
We denote the composition of the above isomorphisms by Θ again.
The ordinary quivers of Hochschild extension algebras for self-injective Nakayama algebras
In this section, we compute the ordinary quivers of Hochschild extension algebras for self-injective Nakayama algebras. In the following, for an algebra A, we denote the Jacobson radical of A by J(A).
Let ∆ be a finite quiver and A = K∆/I for an admissible ideal I. Let ∆ 0 = {1, 2, . . . , l} be the set of vertices of ∆. For each pair of integers i and j with i, j ∈ ∆ 0 , we denote the number of arrows from i to j in the ordinary quiver of A by N A (i, j).
Lemma 4.1. Let ∆ be a finite quiver and A = K∆/I for an admissible ideal I. Let T α (A) be an extension algebra of A defined by a 2-cocycle α : A × A → D(A). We denote by ∆ Tα(A) and ∆ T0(A) the ordinary quiver of T α (A) and the trivial extension algebra T 0 (A), respectively. If α(e i , −) = α(−, e i ) = 0 for all i ∈ ∆ 0 , then we have the chain of subquivers of ∆ T0 (A):
Proof. Let ∆ 0 = {1, 2, . . . , l} be the set of vertices of ∆ and let {e 1 , . . . , e l } be the set of trivial paths in K∆. Since α(e i , −) = α(−, e i ) = 0 for all i ∈ ∆ 0 , it is easy to verify that {(e 1 , 0), . . . , (e l , 0)} is a complete set of primitive orthogonal idempotents in T α (A). So, ∆ Tα(A) has n vertices in a 1-1-correspondence with (e 1 , 0), . . . , (e l , 0). For each pair of integers i and j with i, j ∈ ∆ 0 , we obtain
On the other hand, by [6, Proposition 2.2], we have
Since 
Hence N Tα(A) (i, j) is equal to N T0(A) (i, j). Conversely, if (1) does not hold, then there exist x ∈ α(J(A), J(A)) and i, j ∈ ∆ 0 such that x / ∈ J(A)D(A) + D(A)J(A) and e i xe j = 0 in D(A). Therefore, we have
Hence ∆ Tα(A) is not equal to ∆ T0(A) .
From now on, we consider self-injective Nakayama algebras. Let ∆ be the following cyclic quiver with s (≥ 1) vertices and s arrows:
Suppose n ≥ 2 and A = K∆/R n ∆ , which is called a truncated cycle algebra in [3] , where R n ∆ is the two-sided ideal of K∆ generated by the paths of length n. We regard the subscripts i of e i and x i modulo s (1 ≤ i ≤ s). By Theorem 3.2, the second Hochschild homology is given by
We have the following main theorem about the ordinary quiver of Hochschild extension algebras. (HH 2, q (A) )), and let T α (A) be the Hochschild extension algebra of A defined by α. Then the ordinary quiver ∆ Tα(A) is given by
Proof. If s ∤ q, then HH 2, q (A) = 0 by (4.1). It is suffices to consider the case q be divided by s. We will investigate the ordinary quiver dividing the proof into the following three cases:
Case 1: We set
and
for 1 ≤ i ≤ s. Then {v 1 , . . . , v s } is the basis of (A ⊗ K∆ e 0 K∆ n ) q , and {w 1 , . . . , w s } is the basis of (A ⊗ K∆ e
and by (3.2), (d 2 ) q is the zero map. By (4.2) and the fact (d 2 ) q = 0, we have the following isomorphism:
We define a map
it follows that α satisfies the conditions of Lemma 4.2. Hence ∆ Tα(A) coincides with ∆ T0(A) . Case 2: We consider the case q = n. We set
If char(K) ∤ (n/s), then we have
if m 1 + m 2 = n and a t = x i+t−1 for 1 ≤ t ≤ n, 0 otherwise.
Hence, we have a 2-cocycle If char(K) | (n/s), then we have the dual of the second Hochschild homology as follows:
For any 2-cocycle α, there exist k i ∈ K and 2-cocycles α i corresponding to v * i
. The proof is same as above.
Case 3: In this case we set q = 2n − 1. We set
for 1 ≤ i ≤ s. In the same way to Case 1, we have
Then, for any 2-cocycle α :
We will prove that ∆ Tα(A) coincides with ∆. By [6, Proposition 2.2], the quiver ∆ T0(A) is given by
(∆ T0(A) ) 1 = ∆ 1 ∪ {y 1 , . . . , y s }, where y i is an arrow from i to i − n + 1, for 1 ≤ i ≤ s. Because of Lemma 4.1, it is sufficient to show that there is no arrow from i to i − n + 1 in ∆ Tα(A) . Since dim K e i J(A)e i−n+1 /e i J 2 (A)e i−n+1 = N A (i, i − n + 1) = 0, we have
. 
Proof. In the proof of Theorem 4.3, we consider the three cases. Then, in Case 1 and Case 2, ∆ Tα(A) coincides with ∆ T0(A) , and in Case 3, ∆ Tα(A) coincides with ∆. By the proof of Theorem 4.3, β q corresponds to a 2-cocycle of Case 1,Case 2 or
where α i is the 2-cocycle in Case 2. We put γ n : 
Examples
Let K be a field. We consider the case s = 3, that is, ∆ is the following quiver: For a, b ∈ ∆ + , the 2-cocycle α : A×A → D(A) corresponding to
if ab = x i x i+1 x i+2 x i+3 x i+4 x i+5 , 0 otherwise. Then we know that T α (A) is isomorphic to K∆ T0(A) /I, where
On the other hand, T 0 (A) is isomorphic to K∆ T0(A) /I 0 , where
Second, we consider the case n = 3. Then 
Moreover, it is easy to see that T β1 (A) and T β2 (A) are isomorphic as K-algebras. However, they are not equivalent as Hochschild extensions. And finally, we consider the case n = 2. Then 
